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Manifestly covariant formulation of discrete-spin, real-mass unitary representations of the 
Poincare group is given. We begin with a field of spin-frames associated with 4-mometa p and 
use them to simplify the eigenvalue problem for the Pauli-Lubanski vector projection in a direction 
given by a world-vector t. As opposed to the standard treatments where t is a constant time direc¬ 
tion, our t is in general p-dependent and timelike, spacelike or null. The corresponding eigenstates 
play a role of a basis used to define Bargmann-Wigner spinors which form a carrier space of the 
unitary representation. The construction does not use the Wigner-Mackey induction procedure, is 
manifestly covariant and works simultaneously in both massive and massless cases (in on- and off- 
shell versions). Of particular interest are special Bargmann-Wigner spinors (w-spinors) associated 
with flag pole directions of the spin-frame field uja(p)- 


I. INTRODUCTION 

Unitary representations of the Poincare groupQ are typically given in a form which is not manifestly covariant. One 
often speaks of noncovariant or Wigner wave functions , which belong to a carrier space of a unitary representation, 
and covariant or spinor wave functions which belong to a nonunitary representation The covariant wave 

functions do not have a natural probability interpretation although there exists a nonunitary transformation between 
them and Wigner states. If one incorporates this transformation into a scalar product one obtains a form which by 
some authors is called manifestly covariant. From our perspective this “manifest” covariance is not manifest 
as it involves a dependence on fixed 4-momenta used for induction of the representation and does not allow for an 
explicit (abstract) index formulation. A manifestly covariant formulation of unitary representations of the Lorentz 
group has been recently discussed in [H. 

The unitary representations discussed in literature are usually irreducible. In the context of the Poincare group this 
means they are characterized by definite values of spin and mass. Although essentialy there is no physical problem with 
concrete values of spin, a concrete value of mass leads to practical and formal difficulties. The most obvious example 
is the self-energy mass correction which shows that mass of an interacting field is a dynamical object which has to be 
renormalized. Also at a purely formal level there are reasons to replace the concrete-mass (or “on-shell”) formalism 
with the off-shell one §M- In the context of this work the problem we face is the question of manifest covariance in 
momentum representation: To have a manifestly covariant formulation we have to use four components of p. But since 
the mass hyperboloid is a three dimensional manifold, we express the zeroth component of p as po = i m? and 

in this way introduce a preferred three-momentum reference frame. This preferred frame becomes manifest whenever 
we explicitly write generators of a representation in question . Obviously, this is typical of any representation 

(unitary or not) and the so-called covariant wave functions are not, in this sense, manifestly covariant either. This 
formal difficulty is related to the old problem of relativistic localization and relativistic position operator Pj23|-p^. 

The difficulties with the latter problem motivated myself to look for a manifestly covariant reformulation of unitary 
representations of the Poincare group. It turns out that there are several different levels where the noncovariance is 
rooted. The one with the on-shell noncovariance cannot be overcome unless we switch to an off-shell formulation. 
Therefore I generally write formulas in a form which enables us to use them in both on- and off-shell versions. The 
delicate point with the off-shell formulation is the massless boundary m = 0 which is taken care of in detail. 

Other levels of noncovariance can be removed by the method of null frames I use. This allows us to treat the massive 
and massless cases on the same footing and obtain formulas which either depend on p • p = m? in an explicit and 
nonsingular way, or are mass independent. The latter is made possibile by a nonstandard choice of spin eigenstates, 
namely those corresponding to the Pauli-Lubanski vector projections in null and p-dependent directions defined by 
flag poles of a specifically chosen field of spin-frames. In this way we circumvent the implicit noncovariance introduced 
by inducing from little groups of preferred four-momenta. The only price we pay for the manifest covariance is the 
SL{2, C)-spin-reducibility of representations on the massless boundary. 


^By the Poincare group I mean the semidirect product of 4-translations in Minkowski space and SL{2, C). 
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The choice of p-dependent directions frees us of the noncovariance associated with the p-dependent helicity ampli¬ 
tudes. From our perspective the helicity eigenstates are noncovariant in two ways. They are either projections of the 
three-spin on the three-momentum p, or correspond to the zeroth-component of the Pauli-Lubanski four-vector. 

The null directions and the spin-frames associated with them appear in my formalism quite naturally as a means 
of unifying the massive and massless cases into a single framework. The corresponding amplitudes seem to have 
been overlooked in the representation theory of the Poincare group although they appeared implicitly in the context 
of geometric quantization of spinor fields. So as an interesting by-product of the manifestly covariant formulation 
we arrive at a physical and group representation interpretation of some purely formal objects used in geometric 
quantization. One should mention here that null hyperplanes are occasionally used to define position space scalar 
products for the Dirac equation ||^ ] but there is no direct relationship of such a null formalism to the one described 
below. 

The layout of the paper is as follows. In Sec. I present a spinor formulation of the eigenvalue problem for the 
Pauli-Lubanski vector. I begin with a separate treatment of the massless and massive cases, introduce the four- 
momentum-dependent spin-frames, and finally use them to derive a simple form which looks the same for both m = 0 
and TO ^ 0. I also introduce the basic bispinor projectors. Their essential algebraic and transformation properties are 
discussed in Sec. HI. The role of the projectors is explained in Sec. 0 where their relationship to the off- and on-shell 
Bargmann-Wigner equations is made clear. The representations are unitary with respect to the off- and on-shell 
scalar products discussed in Sec. In Sec. VI I introduce normalized eigenvectors and a ssoc iated amplitudes. The 
“null” amplitudes, called w-spinors, lead to a very simple and elegant formalism. In Sec. VII I discuss in detail the 
transformati on pr operties of w-spinors and use them to formulate the unitary representations in a manifestly covariant 
way. In Sec. VIII a generalized off-shell position representation on the Poincare group is briefly discussed. 

The bispinor convention I use is explained in Appendix XI A. It is analogous to the standard twistor notation but, 
as opposed to twistors which are always “unprimed”, I found it very useful to introduce primed bispinor indices. The 
only exeption with respect to the standard tensor-spinor notation is in transvection of two world-vectors, which I 
usually denote by a dot, i.e. x ■ p = x°‘pa, etc. 


II. EIGENVALUE PROBLEM FOR THE PAULI-LUBANSKI VECTOR IN SPINOR FORM 

Spin eigenstates that span carrier spaces of unitary represenations of the Poincare group discussed in literature 
correspond to projections of the P-L vector in either timelike or spacelike directions. It turns out that the formalism 
becomes the simplest if one takes null directions. Their choice naturally follows from a spinor formulation of the P-L 
vector eigenvalue problem. 

Consider the Poincare Lie algebra whose elements are P“ and J“^. The Pauli-Lubanski (P-L) vectors corresponding 
to (1/2,0) and (0,1/2) spinor representations of SL{2,C) are 

oo Y D * Tob Y 

OX = r'b J X ^ 

oCL Y' j-} * to 6 Y' 

OX' — rb ^ X' 5 

where the asterisk denotes dualization j^]. Their momentum representation is 

S‘{p)xX' = \[p^x.r''''' -xx^^'p-"") 

A. m — 0 representations 

L P-L vector in terms of spin-frames 

Let = TT^TT^ and be a spin-frame partner of tt"^, i.e. = 1. Then 

S°‘{p)x^ = - 
5'“(p)x'^ =^(7rx'e^^ 


( 5 ) 

( 6 ) 


( 3 ) 

( 4 ) 


( 1 ) 

( 2 ) 


2 







and 


S°‘{p)x^T^Y = -^p“7rx 
^Y' = \^V°'T^X' 

S°-{p)x^i^Y = + 2 ^“^^ - TTxio^n^ 

S°-{p)x'^'i^Y' = -^p“wx' +nx'io'^'TT^ 

Equations (0), i) solve the eigenvalue problem. For higher spin {M/2, N/2) fields we find 

S°‘{p)x^T^y = - n'^xxp'' 

where X = Xi ... XmX{ ... X/^, nx = ttxj ■ • ■ ttxm^x[ ■ ■ ■ ttx;, , etc. 

2. Projections of P-L vector in uj-direction 
The projections S{lu,p) = Lo°‘Sa of the P-L vector in the direction are 

S{oj,p)a^ = +uJA'n-^y 

S{lu,p)a'^' = -^(xA'CO^' PU)A'^^''^ 

implying 

S{lu,p)a^u!b = ^OJA, 

S{u,p)a'^ wb' = -^/^A'- 
S{uj,p)a^t^b = -\'^A, 

S{u,p)a'^ ttb' = ^^A', 


(7) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 


( 12 ) 

(13) 

(14) 

(15) 

(16) 
(17) 


B. m 7 ^ 0 representations 

The massive case is more complicated since the components of the P-L vector no longer commute. 


1. Projections of P-L vector in a general t-direction 


Consider a projection of the P-L vector in the direction of a (timelike, spacelike or null, and generally p-dependent) 
world-vector t 

S(t,Ph'' = + txxP’^j. (18) 

s{t,p]x’'^' = -l(lx' +txx'P^''‘y (18) 

Notice that 

S{t,p)x^ = -S{t,p)x'^' (20) 
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so that complex conjugation reverses the sign of spin. Eigenvalues of a symmetric spinor Sxy are ± \—^SabS^^\ ^ 
An analogous formula holds for symmetric spinors with two primed indices. 

Therefore the projection of the P-L vector in the direction t has eigenvalues 

- mH'^, (21) 

where m? = p-p and = t - t. Formula ( ^l|) shows that there exists a privileged choice of t, namely null and pointing 
in the direction of p (in the sense of pointing into the future or the past) since in this case 


^X^^^t,p) =±^t-p 


which is analogous to the massless case even though, in general, 


^ 0 in (21). 


( 22 ) 


2. Projectors associated with the eigenvectors 


The corresponding eigenvectors are determined by the projectors 

n’-^'>{t,p)A^ = + ■^S{t,p)A^'j, 

The “sign-of-energy” projectors are dehned as (see Appendix XI A) 


n±(p)a^ = nzp(-p)a^ = n(±p)„^ = 


/ \ 






\ SA'^' 

They commute with the P-L vector corresponding to the bispinor (1/2, 0) © (0,1/2) representation: 

n±(p)a^^“(p)/3^ = S-ip)Jll±{p)0\ 


where 


S^{p)J = 


Let 


n^^Ht,p)J = 


/ S‘^{p)a^ \ 
0 
0 

V S-{p)a'^' 


f n(±)(<,p)^^ \ 

0 

0 

\n(^\t,p)A'^' y 


Then 


u^^'>{t,p)Ju±{p)fs^ = u±{p)Ju^^\t,p)0'^ = 

/ X(±^eA^ + t^X'PA^' +tAX'P^^' \ 

_ 1 -t-p)pA^'+m‘^tA^'] 

T^J^[{X‘'^'’+t-p)p^A'-mH^A'] 

V X(^)eA'^' -tx^'p^A'-txA'P^^' 


where = X^^\t,p). The signs “±” of energy are independent of the signs “(±)” of spin. 


(23) 

(24) 


(25) 


(26) 


(27) 


(28) 


(29) 
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3. The projectors in terms of spin-frames — analogy with m = 0 


To simplify the form of (]29|) consider the decomposition 


-L , A -A' 

p = 7T -\ - —CO = TT TT H- —CO CO , 


= 1, of a (timelike or null) future-pointing world-vector (see Appendix XI C| ). 

Let us take t = u. The eigenvalues of S{uj,p) are ±1/2 and the corresponding projectors are 


/ 


nL+)(a;,p)„^ = i 


= 2 


watt 


c 


\ 


I W p.p ^ 

V ) 

( -ttauj^ \ 

±,/^TT^Tr*^ 

W p.p ^ 

T^Coa'U:^ 
U)A'^^ 


\ 




We obtain also formulas analogous to the massless case: 

1 


S{oj,p)a^ = 2 (^ATT^ + ttauj^'^ , 
S{uj,p)a' 


l/_ _ 

= --[uJA'Tr"^ TTTA't^^ 


and 


S(u!,p)a^ojb = 2^a, 
S{uj,p)a'^ OJb' = 
S{uj,p)a^ttb = - ^tta, 


S{uj,p), 


B'- 1 - 

' TTfl/ = - TTA' 


(30) 


(31) 


(32) 


(33) 

(34) 

(35) 

(36) 

(37) 

(38) 


C. Eigenvectors of S{uj,p)a^ 


Let 

= -2 ( ) ( 39 ) 

where tta = T^Aip) is the spinor appearing in the decomposition ( ^0|) of a (massive or massless) 4-momentum p. The 
eigenvectors of the P-L vector projections in the corresponding null lo°‘ = io°'{p) direction can be defined in terms of 

'^O' ■ 


n’'^\uj,p)a = Il^±\u},p)a^TTi3 = ^ ^ 

n^^\u!,p)a = Il‘'^\uj,p)a^Tri3 = ^ 


-tta 

P-P 

2 




(40) 

(41) 


3 ^ 0, p 7 ^ 0, can be easily performed for fl^^\Lo,p)a. whereas this would not be 
1^), (^ ) themselves. (We exclude the origin p = 0 for which the whole construction 
breaks down since no spin-frame satisfying our conditions exists at this point.) So the transvection with (39) removes 
the parts which are singular in the massless limit. This behavior is typical of the formalism developed in this paper. 


Notice that the massless limit 
possible with the projectors 
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III. ALGEBRA OF SPIN-ENERGY PROJECTORS (M / 0) 


Formulas that look artificial and complicated at the bispinor level finally simplify if one switches to unitary repre¬ 
sentations. In order to do so we have to better control the algebraic and transformation properties of the projectors. 


1. A few useful identities 


In this section we assume p-p ^ 0. We shall derive several useful general formulas which, when suitably transvected, 
will be directly related to the unitary representations we are interested in, also for p • p —> 0. Define 


rpa.(3' _ 


( \ 

0 

0 

V ) 


(42) 


where T“ is an arbitrary world-vector. Below I list without proof a few useful identities satisfied by projectors 
projecting on given signs of energy or spin (m = ^ip ■ p): 


r“^'n±(p)/n±(p)y^' = ^{T-p) 


( \ 

V ^p^^' 

' m, ^ 


(43) 


T“^'n±(p)„^n^(p)y^' = 


/ 2TBD' -^{T.p)pBD' 

T^ir^^’p^x'+T^^'p^x' 

^^^T^b'pxD- ^T^d'pxB'' 

V -^{T-p)p^^'+2T^^' '; 


and (H) imply 


T“^'(n+(p)/n+(p)y^' + n_(p)/n_(p)y^') = —{T-p)p^^' 
T“^'(n+(p)/n_(p)y'' + n_(p)„^n+(p)y^') = t ^^' - ^(T.p)p^^'. 


(44) 


(45) 

(46) 


plays a role of a non-orthogonal “resolution of p” and is essential for the formalism developed below. Notice that 
for T-p^O, p-p^Owe can always write 


—P““' = ^ 

P • P 1 • p 


T^^'(n+(p)^“n+(p);3,“' + n_(p)p“n_(p)p,“' 


(47) 


even though the “off-diagonal” terms given by (^^ vanish only for T“ = p“. The RHS of Eq. ( r^ ) will be used in 
definitions of positive-definite scalar products in momentum space. 

The operators projecting on eigenvectors of S{t,p)a^ are 


/ X^^'^{t,p)eA^ +tAX'P^^' - PAX't^^' \ 


nW(t,p)„^ = 


2A(±)(t,p) 


(48) 


\ X^^\t,p)eA'^' -txA'P^^' +PXA't^^' J 


They satisfy 
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-p- m 

+ V2 


I m 


:= = ^^2x[t p)x{u p) ^ 

( \ ( (i, p) + t ■ {u,p) + u ■ p'^ — m?t ■ u ^A^^^ (t, p)u^^' + A^^^ (m, p)t^^' + i e^^'°‘^‘^PatbU^ ^ 

(^X^^\t,p)X^^^u,p) + {p ■ t){p ■ u) — m'^ t ■ — tsx'U^Y'P^^^^ pW^ — -\- 

+ (^2X^^\t,p) +p ■ t^p^^x'U^^^' + ^2A(^)(w,p) — p ■ ujp^^x't^'’^' 
(^X^^\t,p)X^^'>{u,p) + {p ■ t){p ■ u) — m?t ■ uje^ ^ — txB'Uy^ p^i^ \pY\N ) _ Sr^^^iM \y^X\N )_|_ 

(2X^^^t,p) +p ■ t]px^^ ) + ^2A^^)(u,p) — p ■ v^px^^ \t^\^ ) 

pNM' _ J^2 ^^(t) p)u^^' + A^^) (m, p)t^^' — i e^^'°'’^^PatbU^ J 

(49) 


^ (^X^^\t, p) + t ■ p'j (^X^^\u, p) + u ■ p'j — rn^ t 

T<^^'T\±{p)jn±[p)^,^'n^^\t,p)p>^m\u,p)5y := {T-p)y^^\t,u,pY''' = 


-T-p 


(^y^\t,p)+t-p'^ (a(=f) {u, p) + u ■ p'j — m? t ■ 


“T ^ 

^V2 


I m 
"^%/2 


pMN _ j^2 / 


imP'X{t,p)X(u,p) 

(^X^^''{t,p)u^^ + X^^\u,p)t^^ +ie^^ °‘^'^PatbU^ ^ 

{t,p)X^^\u,p) + {p ■ t){p ■ u) — m?t ■ — tBX'U^Y'P^^^^'x'U^'^^' + 

+ (2A(±)(i,p) + p ■ t)Y^x'U^'>^' + (2AW(u,p) - p ■ u)p<^^x'y^^' 
(^X^'^\t,p)X^^^U,p) + {p ■ t){p ■ u) — m'^ t ■ uje^ ^ — txB'Uy^ p^i^ \pY\X ) _ \y^X\N )_|_ 

+ (2X^^^t,p) +p ■ t]px^^ '> + ^2A^^)(it,p) — p ■ u^px^^ \t^\^ ) 

^ (^X^^\t,p) + t ■ p'j (^X^^\u,p) + u- p'j — Tii?t ■ u p^^' — m?(y^\t,p)u^ + X^^'>{u,p)t^^' — i e^^'°'^'^PatbU^ ^ 

(50) 


where X{t,p) = |A(^^(i,p)|, etc. Although 
help us to simplify the whole formalism. 


may appear somewhat complicated, their generality will finally 


2. SL{2, C) active transformations of the projectors 

The projectors transform under active AL(2, C) as follows 

SYSf3^ii±{p)^s = n±(5'p)Q,/3 

s,.'^s/u^^Ht,pYs = Ti‘-^Hst,SpUp 


or equivalently 


where 


sJn±{s-Y)p^s-\^ = u±{p)J 
sJn^^\s-H, s-Y)p'^s-\^ = n(±)(t,p)„'5 


/ Sa^ \ 


c /3 _ 

Jot - 


V / 


(51) 

(52) 

(53) 

(54) 


(55) 


Here {Sp)a = SYpb, and SY, Sa^ , Sa^, and Sa'^ denote, respectively, the representations (1/2,1/2), (1/2,0) 0 
(0,1/2), (1/2, 0), and (0,1/2) of 5” G SL{2, C). Spinor transformations of upper- and lower-index spinors are assumed 
in the form 


ScfA = Sa^^b, 

Scf^ = (f^S-^B^ = -S^B^ 


(56) 

(57) 


Analogous transformations hold for primed spinors. The convention differs slightly from this used in [Q (cf. 
Eq. (3.6.1)) but seems more consistent. Those active nonunitary transformations will be shown to generate the 
passive unitary transformations which form the unitary represenations of the Poincare group we are searching for. 


7 


























IV. WAVE EQUATIONS ASSOCIATED WITH THE PROJECTORS 


It is clear from what has been written above what is the relation of the projectors to the “sign of spin”. To 
understand their relation to the “sign of energy” we have to discuss their relation to Bargmann-Wigner equations. A 
brief analysis of the equations will also help to naturally clasify representations with respect to the signs of energy 
and mass. 


A. Off-shell equations 


Define 

-^^A^ds ^ 

iVA^' 
-iV^A' 



satisfying 

The off-shell Bargamann-Wigner equation 


has “plane-wave” solutions of the form 

Let us note that the formula 


(58) 

(59) 

(60) 

(61) 

(62) 


n±(p)a^ = nzp(-p)a^ 


(63) 


guarantees that nothing physical will be lost by assuming that p is future pointing. Throughout the rest of the paper 
I therefore assume that fj. .{p)pi... 0 „ = 0 for p pointing into the past. 

The superpositions 


1 p{x,s)ai...a„ 



(64) 


with arbitrary higher rank bispinors '0. .{p)i 3 i...f 3 „, play a role of “proper time” wave packets in Minkowski space. 


B. On-shell equations 


Changing variables {po,p) i^/P ■ P,p) we obtain 

^ ^ ^ / dip-p) [ - i){^/p^ +p-p,p,x,s)c 

J 2 ^/p^+p■p 


(2^)^ 


cf^pip{p, X, s)c 


(2t 


The on-shell bispinors satisfy 'ip..{p) = 27r0j„2.. {p)pL(p-p—mf) where p{p-p — mf) is some distribution concentrated on 
the mass-m hyperboloid. We will consider two cases: p{p-p — m?) = 5{p-p—mf ) and p{p-p — mf) = \/5{p ■ p — m?). 
For p(p ■ p — mf) = 5(p ■ p — mf ) we obtain 


1 


/ 




1 

(^ 


(Pp 


" 0771 ^ {Prm 


x,s) 


O'!...an 


(65) 


where, by definition, pm — (\/p^ + rn?,p) is future-pointing. The combinations where = 0 ('0^2+- = 0) are 

solutions of the positive(negative)-mass on-shell Bargmann-Wigner equation. There exist also other possibilities of 
transition to an on-shell formalism 















V. POSITIVE-DEFINITE SCALAR PRODUCTS IN MOMENTUM SPACE 


There exists a class of equivalent positive-definite scalar products that can be used to probabistically interpret the 
Fourier components of Bargmann-Wigner helds. They can be simplified at the unitary representation level. 


A. Off-shell products 


Consider some (in general p-dependent) T“ satisfying, for the time being, T • p 7 ^ 0. For two off-shell functions 
Tpix, s)ai...ani 4’i^i s)aj...a„ the Scalar product is 




1 


dS 


[t-pY 


rjiQ 


X 


+n-(p)a/'n_(p)„/^u..n_(p)„„^-n_(p)a;^"(i/;__(p)^/...,3^(;i__(p)^,...,3„ -f ^++(p),3/...^;(/)++(p);3,...p„) . 

( 66 ) 


B. On-shell products 

The on-shell scalar product of two bispinors ( p^ will be denoted by 

{lp,(j))m^ (67) 

and is obtained from (p^ by p ^ Pm, ip. ■ and 

1 /■ .4 1 [ d^P 

{2n)^J P ^ {2n)^ J W 

It can be also thought of as an on-shell limit of the off-shell formula (|^) provided the limiting bispinors are 

ip..{p) = 2Tr'ijj^2 ..[p)^j5{p-p-w?). ( 68 ) 

Putting T = p^, m 7 ^ 0 or using the resolution of p formula (p^, we obtain the form used by Woodhouse in |Q. The 
well known Bargmann-Wigner form is obtained if T is a time direction and T ■ pm = Pm- The use of projectors 
makes it similar to the form used by Kaiser in his construction of electromagnetic wavelets. Eq. ( |4^ ) shows 
explicitly that the products are T-independent. 


VI. MOMENTUM-SPACE AMPLITUDES 

Momentum-space amplitudes have a direct probability interpretation and have been extensively discussed in lit¬ 
erature [[44|- p8|J^J^ . From the viewpoint of active SL(2,C) transformations they are scalars. They become local 
(i.e. p-dependent) SU (2) spinors if passive transformations are concerned. Typically they are represented as helicity 
amplitudes. Here we find their general form and from this perspective find their most convenient representation in 
terms of w-spinors. 
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A. Normalized spin-energy eigenvectors 


1. Normalization factor 


The particular cases of (|50[) and ( [491) for t = rt 


n: 


(±T) 


n: 


(±±) 


=0 




Am'^X{t,p) 


± 


X{t,p){±)t ■ p p^^'\ 
X{t,p)e^^ {±) 2 p^^ 
X{t,p)e^'^'{T)2px^^'h^'^' 


-p- iii 
+ %/2 


72 


,2j.NM' 


^ X{t,p){^)t ■ p p^^ {±)m'^r 
can be used to find the correct normalization factor for the spin-energy eigenvectors for an arbitrary t: 


/ 


n: 


(±±), 


{t, t, (w, p)^n''^^ {uj, p)u' = 


(±)/ 


2X{t,p) 




X{t,p)+t- (n- } =: N(t,Tr,uj,mf. 


(69) 

(70) 


(71) 


The mentioned similarity between the massless and massive cases for t = lu, characteristic of the null formalism, can 
be seen also in the formula 


N(t,'!r,uj,m = 0) = N(u!,Tr,u>,m ^ 0) = 1. 


(72) 


2. Eigenvectors 


The normalized eigenvectors are 

9!-^\t,p)a = N{t,TT,LO,rn)~'^Ii^^\t,p)a^Vt^^\uj,p)(j. 

They satisfy 


1 




T-p 

1 

Y'-p 


(±)^ 




(T)/ 


(73) 

(74) 

(75) 


which hold also for p ■ p = 0 and the 0/0-type limit T ^ p. The fact that neither orthogonality nor normalization 
depend on T can be used to simplify the formalism by choosing T = u>. With this choice we have 


W““ n^^\t,p)aXl^^\t,p)a' = 1- 
The explicit forms of the eigenvectors are 

n^±\t,p)a= 8 X{t,p){X{t,p)+t-p-{p-p){t-Uj)) 

^ ( ±^J^{{2X{t,p)-t-p)u;A+ujcYx'PA^' +itAX''^^'^ 


(76) 


V -{2X{t,p) + t ■ p)tta' + TTC'tx'^ P A' - S^txA'UJ 

^±Ht,P)A \ 
n^±\t,p)A' / 




\t,p)a = \ 8 X{t,p){X{t,p)+t-p - {p-p){t-u)) 


1 - 1/2 


-(2A(f,p) -f t ■ p)-ka + ttcYx’Pa^' - i^tAX 


-,x' 


TY^^((2A(t,p) - t ■p)uiA' +ujc'tx^'p^A' + 


_ ( ^±\t,P)A \ _ ( Q'±’it,p)A 


(+)l 


\t,p)A' 


-n^+\t,p)A' 


(77) 

(78) 

(79) 

(80) 
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The massless limit is easy to perform: 


, (81) 
. (82) 


These eigenvectors do not depend on t which is what one should expect since components of the P-L vector commute 
in this limit. 


B. Off-shell amplitudes 

1. Dirac bispinors 

We shall first concentrate on the Dirac bispinors (i.e. bispinors of rank 1). The wave functions associated with 
them play a role analogous to ordinary 2-spinors. Consider the bispinor (p^ for n = 1 


+n_(p)„^(V^__(p);3e**vd^+*P'" + V'++(p)/3e-*^vd5T-»P-) 


/ .'' “+ 
(±) 


+ {t, pU_ it, it, pUf_ it, p)+ 


D:^(t,p)„(/+(t,p)+e—+ Uit,p)^e^^^-^P- 
+n^it,p)^(^f_it,p)J^^^^+^p■^ + f-it,p)+e-^^^-^p-^) 


(83) 


where the calligraphic indices A equal (±) and a summation convention has been applied. The amplitudes f±it,p)j( 
are scalars if active S'T(2, C) transformations are concerned. An active Poincare transformation acts on (|6^ as follows 


'PiS,a)'il^ix,s)a = Sa^ip{S ^ix-a),s)^ 
^ '' d'^p 


(84) 


( 27 r) 


Sjn^it[S-^p],S-^p)0(^e-^P-^f+it[S-^p],S-^p)+e-^^'^+^P-^+ AP■^f+it[S-^p],S-^p)J^A^^-^P■^^ 
+ SJn^it[S-^p],S-^p)0(^e-^P■‘^f-it[S-^p],S-^p)J^e^^'^+^P■^ + e^P-‘^f-it[S-^p],S-^p)\e-^‘^'^-^P-^^ 


■ (85) 


In d^ ) we have taken care of the fact that t is in general p-dependent. The four types of amplitudes lead to the four 
classes of momentum space representations: 


P)a 

(86) 

')a 

(87) 

p)a 

(88) 


(89) 


Apparently there are only two types of transformations here, so it may seem artificial to divide them into four classes. 
Later we shall see, however, that the above active and nonunitary representations lead indeed to four different classes 
of passive unitary transformations of the amplitudes. The amplitudes satisfy 
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(90) 


f±it,p)A = ^±ipyc.-^mp) 


Of particular importance are the amplitudes f±{uj,p)'j^ since 

tp±ipya = ^‘±\‘^,P)af±iuJ,p)-(+) +^±\(^,p)af±{uJ,p)-(L) 




-LUA 


— TTA' 


f±{^,P)'(+) + 


-tta 


/±(w,p)(-l) 


implies the following simple rule 

uj^ilj±{pyx = /±(w,p)(-i) =: f±{uj,pyg- 
U)^ 'ip±ipyA> = /±(w,p)(+) =: /±(w,p)i"- 

Formulas (B^, (p^ suggest that complex conjugation should exchange O’s and Vs: 


f...i‘^,p)o' = 

f...{u;,p)Y = /...(w,p)o. 


(91) 


(92) 

(93) 


(94) 

(95) 


The convention is consistent with (po|). Later we shall see that complex conjugation exchanges also pluses and minuses. 
The w-amplitudes play a distinguished role in the formalism discussed in this paper. They will be shown to transform 
passively as local SU{2) spinors. We shall call them the w-spinors. The general t-amplitudes will be called the 
Bargmann-Wigner spinors (BW-spinors) or simply the t-spinors. The BW-spinor indices will be written in italic font 
to distinguish them from the ordinary SL{2, C) ones. The w-spinors appear implicitly in wave functions discussed 
in the context of geometric quantization of spinor fields pqlwhere they are introduced purely formally as polarized 
sections. The spin-frame decomposition used in |3^ is not (|30|) but 


P 


a 


m 

71 


^ ^A-A' 
, TT TT 


-I- UJ^UJ 



(96) 


which is not very practical from our perspective since it does not allow for a well defined p • p —> 0 limit. 

Finally let us note that similar objects but in Minkowski four-position representation are used to define spin-weighted 
spherical harmonics |Q. 


2. Equivalence between ui-spinors and certain t-spinors for spacelike or timelike t and m 7^ 0 

Standard spin eigenstates known from nonrelativistic quantum mechanics correspond to spacelike t’s. Their relation 
with the P-L vector has been discussed in detail in . The helicity formalism is obtained by taking t timelike. In this 
context our choice of null t = to is somewhat counter-intuitive. Let us observe, however, that the eigenvalue problem 
for the P-L vector possesses a kind of gauge freedom: The eigenstates of S{t,p) are unchanged by the transformation 

t^t + ep. (97) 

For m 7 ^ 0 consider the spacelike 

t = uj — m~^p (98) 

satisfying t ■ p = 0. The eigenvalues of S{t,p) equal ±1/2 and f±{t,p)-^ = f±{uj,p)'^. The orthogonality of t and 
p means that we consider a kind of rest-frame eigenvalue problem for spin. Had we chosen 0 > 0 we would have 
obtained some sort of helicity formalism and still the same amplitudes. 


3. Transition between general t-spinors and ui-spinors 


Eqs. (^, (|^, (|9g) and 


imply 


f±it,PyA = >V±(t,a;,p)^®/±(a;,p)B , 


(99) 
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which in terms of components reads 


f f±(i,p)o ] = f \t,P)A' \t,p)A \ f /±(w,p)o- \ 

V f±it,P)T ) uj^9!'±\t,p)A J V f±(‘^^P)T ) 

W±{t,u!,p) is unimodular 

detyV±(t,w,p) =a;““ n^^\t,p)aCl‘^^\t,p)a' = 1 
and hence also unitary. From now on we shall concentrate exclusively on w-spinors. 


( 100 ) 


( 101 ) 


4- e and <; BW-spinors 

BW-spinors can be raised and lowered according to the standard rules by 

-AB 


Sab = 


0 1 
-1 0 


= £ 


( 102 ) 


The fact that BW-spinors are local SU(2) spinors means that in addition to £’s there exists another invariant BW- 
spinor 




AB 


0 1 
1 0 


-‘iAB- 


Unitarity of a unimodular W means 


In terms of components: 


If /a is a BW-spinor then 


<^AB = ^A^ Wg® Ccx>- 

W/ =W7^= W/, 
W/ = -WT" =-Wi°. 

^■^^fAfB = \fo\^ + \fl\^- 


(103) 

(104) 

(105) 

(106) 

(107) 


5. Higher-rank ui-spinors 

Consider a Bargmann-Wigner rank-n bispinor x, s)on...a„- Its spin-energy expansion is 


i’ip,X,s)ai...ar, 


= fI + HCp)ai • ■ 

■ {t-. 

,P)a„ 

(/+(Cp)X.... 

An 




{t,P)< 



is^/pTp+ip-x j: (J. 

P) 

-1- p-jsVFp-ip-a: i 

Al...An^ ) 



/ TTAi 

• ■ • '^A„-i'^Ar. 

J±{^ 


•(-)n-l(-)n 

\ 


'^±ip)ai...a„ = 

(-1)” 

tta; 

■ ■ ■ An-l'^ Ar, 

J±{^ 




additional terms. 


tta; 

■ ■ ■ An~l^ A'^ 

./±(w 


•(-)n-l( + )n 





tta; 

■ ■ ■^A'^_^T^Ar 

J±(w 

’PX+h- 

.( + )„-l(-)n 





Vm 

■ ■ ■ 7rA;_j7rA' 

J±{^ 

^py<:+h- 

.( + )„-!( + )„ 




(108) 


(109) 
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Each row in the “additional terms” is composed of products of the tt’s and the cu’s and every one of the terms contains 
at least one or ■ Two conclusions follow immediately from ( |109| ). First, all additional terms vanish 

on the massless boundary. Second, a higher-rank tu-spinor is defined by 


. U!^'‘ . . . . . . tf}± {p) 




(-)■■■(+)■ 




( 110 ) 


s ince the additional terms are annihilated by the transvection with .. .... The part explicitly shown in 

(109) is typical of massless fields in both twistor and Fourier form [Q. For p ■ p = 0 the passive transformations 
discussed in the next section are reducible and each row of ( |109| ) transforms independently. 

A symmetry of a BW-spinor determines (and is determined by) the corresponding symmetry of '4’±{p)"' a a' ■ 


C. On-shell amplitudes 

The on-shell amplitudes are obtained from the off-shell ones by putting p-p = m? and p = Pm in the above formulas 
so do not require a separate treatment. The normalization condition for n^(t,p)Q, used in the definition of amplitudes 
does not involve any integration and therefore is identical to the one for n^(t,Pm)cc 


D. Positive-definite scalar products in momentum space in terms of BW-spinors 

Let / and g denote amplitudes corresponding to the rank-n bispinors ip and p. The products ( |6^ and ( |^ have a 
simple BW-spinor representation. 




1 


<fp^ 


AxBi 




Ar^Br, 


1. Off-shell products 

{f+it,P)X...Ar.9+it,P)Br...B„ + f+ii^P)M...A^9+it,p)B,...B^ 

+ f-it,P)X...A„9+it,p)t,...B„+ f-ii’P)Ai...A„9+it,p)B,...B^)- 


( 111 ) 


S. On-shell products 


O’, 4>)m^ = 


1 

(^ 


2 \PI\^ 




A„B, 


+ /-(^iPm))4j...^^5+(LPm)Bj,..B^ + Pm) Ai...An9+^^^ Pm) Bi...Bn) ' 


( 112 ) 


VII. PASSIVE TRANSFORMATIONS OF ta-SPINORS 


In this section we formulate the main result of this work: The manifestly covariant version of unitary representations 
in terms of the passive transformations of tu-spinors. The general t-spinor form can be obtained by the unitary 
similarity transformation ( p^ and will not be explicitly discussed. Alternatively, it could be directly obtained with 
the help of (^^ and (p0|). The complicated formulas (49) and ( ^ show the scale of simplification obtained by the 
choice oit = uj. 
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A. Rank-1 Lj-spinors 


Consider the active Poincare transformations of eigenvectors of S[io{p),p): 


n-^{uj{p),p)^f±{uj{p),p)~^^ ^p),S ^p)gf±{uj{S ^p),S ^p)'^ 


= e^^P-^ni{Suj{p),p)j±{uj{S-^p),S-^pf 
=: ni{uj{p),p) JA{x, S)f±{uj{p),p)^, 

ni{ujip),p) J±{uj{p),p)^ e^^P'^Sa^n^{uj{S-^p),S-^p)gf±{uj{S-^p),S-^p)^ 

= e^^P-^ni{Su;{p),p)j±{uj{S-^p),S-^p)- 
=: ni{u{p),p)^U{x,S)f±{u{p),p)^. 


(113) 

(114) 

(115) 

(116) 

We have used here the definitions @)-@), (HI), ( |147| ) and transformation properties (^, (HI)- The active 
Poincare transformations of the bispinors generate the corresponding passive transformations of the oj-spinors. To 
simplify notation we shall concentrate on the nontrivial, SL{2, C) part of the Poincare transformations (with a; = 0). 
From now on we shall write all tu-spinors f(ijj{p),p) simply as f{p). This will not lead to ambiguities since no other 
t-spinors will be considered. The bispinor formulas can be written in terms of 2-spinors (cf. (pi|)) as 



U{ 0 ,s)f±{p)j + I 
I f±{S-'^p)j + 


-T^Aip) 


Ta 




-SlTA'ip) 

and the explicit matrix form of the passive transformation is 


-Stta{p) 

tM'^A'{p) 


U{^.S)f±{p)o 

I f±{S~^p)o 


U{ 0 ,S)U{p)o 

mS)f±{p)T 


uja{p)S'k^{p) 

±\l^u!A' {p)Su)^' (p) 


=c / 2 : 2 . 
“TA/ 2 


^ (p) 


uja'{p)Stt^'( p) 


f f±{S-^p)o 

1 f±{s-^p)r 


(117) 


(118) 


An arbitrary passive Poincare transformation of the w-spinors can be written as 

Uix,S)Mp)+ = e^^P-^Ui{S,p)A'^UiS-^p)+, 
ll{x,S)f±{p):^ = e±*^''"C7±(5,p)^®/±(5-V)B- 


(119) 

( 120 ) 


To see that U±{S,p) G SU{2) it is sufficient to den ote o a = S coa, i^a = Stta and, using (144), (145) and oal^ — i-ao^ = 
ea^, show that detl7±(S',p) = ujat^^ = 1- Eqs. (IR), (1^) show that there are, in general, four classes of unitary 
representations corresponding to the four combinations of signs of “energy” and “mass”. The signs typically associated 
with the signs of energy (e.g. in the on-shell version of the Dirac equation) are those occuring in the off-diagonal 
elements of the transformation matrix U±{S,p). The two matrices U±{S,p) reduce to a single, diagonal SU{2) matrix 
for p ■ p = 0 and the four representations reduce to two. The fact that for p ■ p = 0 the transformation becomes 
reducible and is a direct sum of one dimensional representations is well known in representation theory 52-^. 
Massless irreducible unitary representations are typically obtained via induction from unitary representations of 
SE(2) which are either one-dimensional or infinite-dimensional. Our approach shows that even the massless (discrete 
spin) representations can be regarded as induced from SU{2) but for the price of reducibility which is not regarded 
as fundamentally important in this work. The fact that the massless limit eliminates one of the signs and allows for 
superpositions of states which are forbidden for m 0 resembles an analogous phenomenon of vanishing of charge for 
particles of mass zero. 


B. Complex conjugated w-spinors 


The unitarity conditions (105), (|l06|), and the transformation rules (14^), (1^) imply that, in addition to (|94|) and 
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f±{p)t 

f±ip)t 

f±{p)o 

f±ip)7 


Mp)1 

(121) 

/t(p)o 

(122) 

fTiP)t 

(123) 


(124) 


C. Higher-rank w-spinors 

Higher-rank w-spinors are obtained by taking tensor products of rank-1 representations. This requires no further 
comments since one can apply the standard 5'17(2)-spinor methods. 


D. Proof of W(0, 5i)W(0, &) = W(0, S 1 S 2 ) 


The passive transformations are unitary. The fact that they form a representation follows directly from the way we 
obtained them: We have started from active spinor transformations that have the representation property. Therefore 
one way of proving that lA{x,S) is a representation is to switch from the BW-spinor level to bispinors, apply the 
standard 2-spinor formalism, and then return again to BW-spinors. It is interesting and instructive, however, to 
see how the manifestly covariant spinor techniques allow to prove this directly at the BW-spinor level without any 
reference to bispinors and active spinor transformations. 

We shall concentrate on the SL{2, C) part of the proof. If and ipAip) are arbitrary spinor fields then 

= sMp)SiS2i^^{p). (125) 


Applying this identity to the spin frames we obtain 


U{0,S^)[lli0,S2)f]Jp)o 

u{o,s,)[u{o,S2)f]Jp)r 


ujA{p)Si'n^{p) 


± 


'^UJA'{p)SiUJ^' (p) 


Txj ‘^^a{p)Siu^{p) 
Cl A'{p)S iTT^' ip) 

SlUJB{p)SlS2TT^ip) 
±\f^SlUlB'{p)SlS2UJ^ (p) 


zr I P-P 
“TA/ 2 


^S2u;^{p) \ / /±((5i^2)-V)t 

^B'(p)S7^^'(p) I \f±((^i^2) ^p)t 


(126) 


To complete the proof one uses the following two sequences of identities following from (144), (145): 

ojaSitt^ SiujbSiS2Tt^ - ^coaSiLO^ST^b'ST^^' = ujAiSin^SicoB - SiUJ^Sittb)S iS2n^ = ujaSiS2Tt^ 
ujaSitt^ SiujbSiS20j^ + coaSioj^ SiS20JbSitt^ = uja^Sitt^SiU)b — SiU)^S ittb')S iS2U}^ = ojaSiS20J^■ 


(127) 

(128) 


Some care is needed on the massless boundary p ■ p = 0 where we can take advantage of proportionality of tta and 
Stta implied by (144). 


E. Generators 

Let = 8°“^ -I- and P“ denote generators of a spinor representation of the Poincare group. Here 8°"’’ are the 
generators of (1/2,0) or (0,1/2) spinor representations of 8L{2, C), is the orbital part which occurs independently 
of spin, and P“ generate space-time translations. The corresponding generators of the unitary representation will be 
denoted by calligraphic letters: 


“ for (119), 
“ for(|T§), 


P“ = ±p' 
P“ = TP' 
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(129) 

(130) 












and 


J ab B 

A = 


±1 


wx(p)J“''^^7ry(p) 


=F ^ (P) ^Wy (p) 

idx'ip)J‘^^^'^'^Y'ip) 




(131) 


for both (IW) and (|l20| ). The off- and on-shell representations differ in the forms of L°‘^. In the unitary represenation 
case this concerns also the BW-spinor part which contains matrix elements of J®** taken between the spin-frame 
spinors. The on-shell version of depends on the choice of the reference frame which defines p. The off-shell 
generators are fully manifestly covariant. Using the explicit forms of the spinor off-shell generators 


+ e x£ j, 

(132) 

Y' I ^B' ^A'Y'\ 

+ e x'£ j, 

(133) 


and the identity (|150|), we obtain 


UJxJ' 


abXY 


TTy = 


+ ^-u;x{p^d^ - p^d^)7r^ - {p^d^ - p»d^)n^' 


(134) 


which explicitly shows that the m atrix in (131) is Hermitian. The same argument can be used to show Hermiticity 
in the on-shell version. The form (131) seems to be the first manifestly covariant version of generators of the unitary 


representations which can be found in literature. A review of other explicit forms of the generators is given in |20 


Let me also remark here that one of the advantages of the w-spinor approach lies in obtaining directly and explicitly 
an “integrated” form of the representation. It is easy to find generators once we have the integrated representation. 
The opposite direction is usually much more complicated. The typical forms of integrated representations are given 
in terms of exponents The tu-spinor approach results in a form in which the (implicit) exponents are already 

evaluated. 


VIII. OFF-SHELL FIELDS ON THE POINCARE GROUP 

We have briefly used the Minkowski 4-position representation to relate the spin-energy projectors to Bargmann- 
Wigner wave equations and to motivate the 4-momentum form of active Poincare transformations. The 4-position 
representation played a role of a formal tool essentially void of any special physical importance. From a group 
representation point of view the x-dependent factors are representations of translations by x and there is 

basically no reason to use only the four out of the ten parameters of the Poincare group in transition to a “position” 
representation. This observation is a departure point of the formalisms developed by Lurgat ||^ and Toller 
The version given below is naturally implied by the BW-spinor formalism. Let g = (x, S) be an element of the 
Poincare group, S = S{y) = and 

U{x, S{v)) =: U{x, y) =: U{g) = . (135) 

We define the right off-shell generalized position representation as 

f^ix,y)x = f^i9)A = J d'^pU{x,y)f...{p)A- (136) 

The definition implies 

f'^.{9i92)A=U{92)f^,{9i)A (137) 

and the Poincare group acts in this position space in terms of a right regular representation. Analogously we define 
the left off-shell generalized position representation as 

f^.ix,y)A = f^.i9)A = J d'^pU-^(.x,y)f...(j))x- (138) 


which implies 
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(139) 


^92) A {91)1^X92) A 

and the group acts in terms of its left regular representation. 

The off-shell scalar products have the following position representation 

J (^f+{x,y)X^^_A„9+{x,y)^^ + f+ix,y)J^^ _^^g+{x,y)^^ 

+ f-{x, y)X^^ j^^g+{x, + /-{x, y)^^ ^j+{x, y)B^,„B^ 


(140) 

(141) 


{2^Y 




AiBi ^AnB, 


{f+(p)X...A „5-t(p)Bi,..e„ + f+iP)Ai...A„9+ip)Bi...B„ 

+ f-iP)X...A„9+iP)B^...B^ + f-iP)Ai...A,,9+{p)B^...B^) 


and we automatically avoid the well known problems with the position representation of the ordinary on-shell fields. 
Notice that we do not integrate over y as the 4-position probability density is ^-independent so that the y’s play 
a role of internal degrees of freedom. The pair {x, y) plays a role of an extended configuration space consisting of 
time, position, velocity and angles. This shoul d no t be confused with various phase-spaces associated with frames 
and wavelets 


B|, p9y43[] . Scalar product (|140D is positive-definite and is a natural alternative to the indefinite 
metric used in the off-shell approaches to the Dirac equation [p'5|-p^ . This kind of product was proposed by Horwitz 
and Piron in but their wave functions were zero-spin and ^-independent. Local expressions can be obtained also 
in the on-shell theory but one has to consider analytically continued fields and wavelets ||^,p3 . 


IX. SUMMARY AND COMMENTS 

We have started with the field of spin-frames {u!a{p)-i 'xa{p)) associated with p, and used them to simplify the 
eigenvalue problem for the P-L vector projection in a direction given by a world-vector t. As opposed to the standard 
treatments where t is a time direction (the same for all p’s) our t is, in general, p-dependent and timelike, spacelike 
or null. The corresponding eigenstates play a role of a basis used to define the (Bargmann-Wigner) amplitudes. The 
BW-amplitudes are what one usually calls the noncovariant Wigner states obtained via induction from little groups 
of fixed 4-momenta. Our construction does not use the induction procedure, is manifestly covariant and in addition 
works simultaneously for both massive and massless cases. The case of imaginary mass can be formulated in an 
analogous way but for technical reasons it has to be treated separately so we do not do it here. The amplitudes 
transform as scalars under active S'L(2,C) transformations. From the viewpoint of passive transformations the 
amplitudes are local SU(2) spinors and for this reason we term them the BW-spinors. Of particular interest are 
special BW-spinors (w-spinors) which are associated with the flagpole directions of the spin-frame field u!a{p)- We 
show by an explicit spinor calculation that the unitary passive transformations form a represenation. We explicitly 
find its generators and discuss a generalized off-shell position representation in terms of fields on the Poincare group. 
Although we occasionally use the numerical BW-indices to make objects such as c explicit, the whole construction 
can be understood also as an abstract index one. To be able to do this we first had to introduce a bispinor index 
notation which is somehow in-between the familiar 2-spinor and twistor conventions. 

The fact that our w-spinors resemble in many respects the spin-weighted spherical harmonics of Newman and 
Penrose can be used to find the w-spinor version of harmonics but this will not be discussed in this paper. The 
problem of surface harmonics formulation of the unitary representations is described in the works of Moses but 
his version does not satisfy our standards of manifest covariance. 
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XI. APPENDICES 


A. Bispinor abstract index convention 


The convention I use is the following. To any Greek abstract index there corresponds a pair of Latin ones written 
down in a lexicographic order. For example 


^A C \ 




Fa^'c 


( \ 


f ^ \ 

Fa^c 

^ / 3 ' _ 

£A^ 


£A^ 

Fa^c 

1 — 

£A'^' 


£A'^' 

Fa'^'c 


\ eA'^ ^ 


\ 0 / 


V : / 


Bispinors of any rank are written as columns. This concerns also Dirac gamma matrices and spin and energy 
projectors which normally would be written in a matrix form. Any permutation preserving the lexicographic rule 
induces a natural isomorphism, say, Fa^ ^ 7 where the latter bispinor would begin with F a'^ c- In particular 

The bispinor summation convention is illustrated by = G^Ha + Ha' = G“ Ha'. 


B. General properties of spin-frames associated with 4-momenta 

Consider two spin-frame helds (a;^(p), 7r^(p)) and (o^(p), m(p)) satisfying d^ ) 

= 7r^ip)7t^'ip) + ^u:\p)oj^\p) = i^{p)l^'ip) + ^o^ip)o^'{p). 


Transvecting (143) with ■ka{p)oa'(j>) or lija{p)oa'{p) we obtain 

tta{p)i.'^{p) = ^^uJA'{p)o^' (p), 
UJA{p)i^{p) = OA'{p)^^ {p). 


Eq. (1^) implies that the field of spin-frames is a spinor held, i.e. the pair (^Suja{p), Stta{p)) where 

Suja{p) = Sa^^b{S~^p) 

St:a{p) = Sa^t^b(.S~^p) 

is a spin-frame satisfying ( |143[ ). 

Transvecting (143) with tta{p) or uja{p) we hnd that 

'^a{p)p^^' = -^w'^'(p). 


loa{p)p^^' =7f^'{p), 


A', 


which imply (9^ = d/dpt) 


uJA{p)d^T^^ip) + u;A'{p)d^TT^\p) = u^{p)u}^' {p). 


.B/\-B'i 


(143) 


(144) 

(145) 

(146) 

(147) 


(148) 

(149) 

(150) 
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C. Explicit example of decomposition of p in terms of spin-frames 


Consider an arbitrary p-independent spinor ^ 0. Let , 7r“ = , where 

,.A 


u;^ = 




vbvb' 


nAA' j. 

A _ P ^A' 


= U) (z/,p) 




\Jp^^'vbvb' 

These spin frames are defened globally for timelike p since p ■ v never vanishes. For null p we can use 


T^^{^,P) = 


P^^'vA' 
^pBB'^BVB' 
AA'=. 


UJ {u,n,p) = - 


'n:A'{v,p) 


n'^Pa 


where n is timelike. The spin-frames satisfy (G 


(151) 

(152) 


(153) 

(154) 
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